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Abstract. In this paper we continue our studies of the one dimensional con- 
formal metric flows, which were introduced in 2]- In this part we mainly focus 
on evolution equations involving fourth order derivatives. The global existence 
and exponential convergence of metrics for the 1-Q and 4-Q flows arc obtained. 



"Qg ^v!> {—veeee + —^""ee + v). 



1. Introduction 

In [5] we initiated our study of one dimensional conformal curvature problem. 
Our research revealed the rich conformal structures on . It also has impacts in 
the study of afhne geometry and its application to image processing. 

Recall that if {S^,gs) is the unit circle with the induced metric gs — d9 ® 
dO from R^, for any metric g on (for example, this metric could be given by 
reparametrizing the circle), we write g := da ® da — v~'Sgg for some positive 
function v. We then introduce a general a- scalar curvature of g for any positive 
constant a by 

= v{a{v^)0e + v^). 

The a— scalar curvature flows for a = 1 and 4 were studied in [5], where the 
exponential convergence of metrics were obtained. 

We further define a general a-Q curvature of g for any positive constant a by 

10a 

-jveeee + — 

Thus °'Qg^ = 1. The corresponding a-conformal "Pg operator of g is defined by 

(T^ 1 On- 

where Vg = D„, Ag — D^a and "Rg is the a-scalar curvature of g. 

We shall suppress the superscript "a" if no confusion would result. It is proved 
in [8] that Pg is a conformal covariant. 

Proposition 1. If g2 — (f^^gi, then Qg^ — ip^Pg^ip and Pg^ip — (fi^ Pg^ii^ip), for 
any^eC^iS^). 

The general a-Q curvature flow is introduced as 

(1.1) dtg = '^Qgg. 

We will see in Section 2 that it is equivalent to the normalized a-Q curvature flow: 

(1.2) dtg^{''Qg-"Qg)g, L(0) = 2^, 

where "Qp = J^Qgda/ J da and L(t) = J da. It will be clear that this flow is in 
fact the gradient flow of total curvature "Qg (see Lemma [5] below). We pointed out 
in [8] that two cases of a = 1 and a = 4 are of special interest. In this paper we 
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shall focus on these two cases. We will prove the global existence of the flows and 
exponential convergence of metrics for these two flows. 

Recently there are some beautiful results on Q-curvature flow equations, though 
all of them focus on higher dimensional cases (for dimension n > 4). The global 
existence and convergence of higher order flow on general compact manifolds were 
obtained by Brendle under the condition of smaller total Q— curvature than that of 
the sphere with standard metric The convergence of Q— curvature flow on S"* 
with the initial metric in the same conformal class of the standard metric was later 
obtained in [4J. The flow approach to the prescribing Q-curvature on S*^ is carried 
out by Malchiodi and Struwe [7J. There are two main ingredients in the proof 
of global existence and convergence of Q-curvature flow on S^. One is the sharp 
inequality involving higher order derivatives which guarantees the lower bound for 
a certain functional (see, for example, Branson, Chang and Yang [2], and Beckner 
[T|); The other is the new approach to the flow equations via integral estimates 
(see, for example, Chen f5], and Schwetlick and Struwe [11 ). 

Even though our flow is on one dimensional circle, we face the similar difficulty. 
For a = 4, the extremal metric was classified in [8] (see, also Hang [6]). We thus 
can establish the global and convergence of 4-(5-curvature flow along the line as we 
just described. 

Theorem 1. There is a unique smooth solution g{t), t G [0,cxd) to the flow equation 
for any given initial metric ga = v^'^ {9,0)gs on S^. Moreover g{t) converges 
exponentially to a smooth metric g{oo) and the A-Q-curvature of {S^ , g{oo)) is con- 
stant. 

The case of a = 1 is more subtle. In [8], we proved the existence of sharp 
inequality (Theorem 3 in [8 , see Remark 6 there for more comments), but were 
not able to classify the extremal metrics. To prove the exponential convergence 
of metrics under the l-Q-curvature flow, one needs to classify all extremal metrics 
and to know the precise sharp constant. Now we can achieve this: 

Theorem 2. For u{9) e H^{S^) and it > 0, if u satisfies 



More over, if uq is an extremal function, then the 1-Q-curvature of Uq gs is a 
constant, and 



(1.3) 




for all a £ [0, 27r), then 




(1.4) 



uo{e) = c (A^ cos2(6' - /3) + sin^ (6i - (3)) ' 



for some A, c > and /3 £ [0, 27r). 



With this classification of extremal metrics, we are able to prove the exponential 
convergence of metrics under the l-Q-curvature flow. 
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Theorem 3. Suppose the initial metric go = v ^ (6*, 0)(7s on satisfies the or- 
thogonal condition 

r 22fi^±£ld9 = 0, for any (3 G [0, 27r). 

Then there is a unique solution g{t) to the flow equation \1.2]) for t G [0, oo). More- 
over g{t) converges exponentially to a smooth metric g{oo) and the 1-Q-curvature 
of (S^ , g{oo)) is constant. 

The paper is organized as follows. In Section 2, we derive some basic properties 
about the flow and prove the global existence of the flow when a = 1 or 4. The 
L°° convergences of the a — Q curvature for a = 1 and 4 are obtained in Section 3. 
Using integral estimates, we then prove the exponential convergence of metric for 
4-(5 flow in Section 4, and complete the proof of Theorem 1. In Section 5, we first 
classify all the constant 1-Q curvature metrics on , thus complete the proof of 
Theorem 2; Then using a similar argument as in Section 4 we prove the exponential 
convergence of metric for 1-Q flow, thereby complete the proof of Theorem 3. 

Throughout this paper, we use C, Ci, C2, ■ • • , to represent some various positive 
constants. 

ACKNOWLEDGMENT. The work of M. Zhu is partially supported by the 
NSF grant DMS-0604169. 

2. Basic properties and global existence 

In this section, we shall derive some basic equations for a-scalar curvature, a-Q 
curvature and conformal factor function under the flow. We then derive the a priori 
L°° estimates (depending on time) for metrics. From the estimates we obtain the 
global existence for the flows. 

We first show that the flow equation (jl.ip for g{t) is equivalent to a normalized 
flow (11.211. In fact, if we choose 



where Lit) = J da{t) and g{t) = da-{t) (g) da{t), and a new time variable 



16tt* ' '■^ 



then equation (|l.ip can be written as 

From now on, we shall focus on the normalized flow p.2p . 

Lemma 1. Along flow equation U.2\) with g{cr,t) — v~^gs, curvatures R ~ Rg 
and Q — Qg satisfy 

(2.1) i?^ = _|AQ_i?(Q_Q) 



an- 



d 



2 c 

(2.2) Q^^_^A2g--^V(i?VQ)-2Q(g-Q), 
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respectively. Metric satisfies 

(2.3) = i(Q-Q)d(7, 
and V satisfies 

(2.4) v^^^^{Q-Q)v. 



Proof. 



— 4 _7 4 _-, 

{Q-Q)g^dt9={--)v ^vtgs = {--)v vtg, 



that is = - |(Q - Q)v. Thus 



9t(da) = (i;-td0), ^ = i(g _ Q)da. 



Usmg the conformal invariance of Lg (see, for example, 9 ) and Pg, we have 

,1 



Rt ^{vLgJv3))t = vtLg^{v3) +vLg^{-v 3Dt) 



and 



liQ-Q)R+lLgi^) 



--^(Q-Q)Q + P.(^) 

= - —A'Q - 2^V{RVgQ) - 2g(Q - Q). 



□ 



It follows from that 

dt J^^da ^ J^^^iQg ~Qg)da = 0. 



Thus flow (|1.2p preserves the arc length with respect to metric g (i.e. J^^ v~^d9 = 
L(0) = 2tt). Moreover, along the flow, we see from the following lemma that the 
total Q curvature is strictly decreasing unless Qg is a constant. 

Lemma 2. Along flow M.S]) . we have 

(2.5) dtQg^-^ljQg-Qgfda. 
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Proof. 

27r Jgi At: J gi 



Note that (12.41) can also be written as 



□ 



, , 8 . 9 5a 8 . 3 11 3^ 

(2.6) vt^-—v^Alv-—v^Ag^v--v^ + ^Qg^- 

We are now ready to prove the global existence for a = 4 and a = 1. 

Proposition 2. Suppose that g{t) = v^^gg satisfies the flow equation U.2]) on 
[0,T) for a = A. Then there exists C = C{T), such that 

^<v{t)<C and \\v{t)\\H2<C on[0,T). 



Proof. For any given A > and (3 G [0, 27r), let 



■^xA^) = ( ^ cos^ + Sin 2 



3/2 



^ [\ -2,. f /3 + 2arctan(A-2tan^), ifO<e'-/3<7r 
u^x-.m = f3+J^ ^x,p ^'^^"1^ + 2 arctan(A-2 tan V) + if tt < - /? < 2^ 

and 

(rA,^z;)(0) =z;(u;a,/3(0))4'a,/3W. 
By Lemma 3 in fS^, we know for any given t € [0, T), there exist A = \{t) > 0, /3 G 
[0, 27r) such that u{9, t) := {T\_pv) [9) satisfies ^"^^ u{6, t) cos 9d9 = J^^ u{9, t) sin 
0. For any positive function Lp G H'^{S^) define functional 

Suppose the Fourier expansion of u{9,t) is 

oo 

u{9, = ao + ^ flfe cos(fc6' - 7fe). 

fe=2 

Then we have (noting that J^^ u~'^/^d9 = 2tt) 
which implies 

^2tt 

,2 



F{u) > C / {uig + u^)d9 
Jo 

for some constant C > 0. On the other hand, from the conformal covariance of F, 
we have F{u{9,t)) = F{v{9,t)) = {2Tr)*Q{t) < (27r)4Q(0). It follows that \\u{t)\\H2 
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and therefore | |(7i,a (a G (0, ^]) is bounded on [0, T). Since J^^ u ^dO = 2tt we 
know that there exists a constant Ci not depending on T, such that ^ < u < Ci 
on [0,27r] X [0,T). 

In order to obtain the estimates on v{9^ t), it suffices to prove that X{t) is bounded 
on [0, r). Suppose not, there exists a sequence ti ^ T, such that X{ti) — + cxi. 
Without loss of generaHty, we may assume that (3{ti) 0. Then for any e > 0, 



Hm ( / v{ti)'ide+ / v{uy3de] = 27r. 
On the other hand, for any t > i we have 

J — e 



v{t)-^de] dt 



< C2{t-iy- 



t /.27r 



t Jo 



iQ~Qfdadt] 



For fixed t e [0,r), 



27r = hm 

i — ^oo 



— e J7T—e 



7r+e 



v^^{u)de < 



v-Ts{t)de + C3{T~ty' 



Choosing t cfosed enough to T and choosing e smaU enough we get a contradiction. 

□ 

For a = 1 we have a similar proposition: 



Proposition 3. Suppose that g{t) — v 3gs satisfies the flow equation 
[0,T) for a = I. Then there exists C — C{T), such that 

1 



on 



C 



<v{t)<C and \\v{t)\\H2<C on [0,T). 



vi^'^de, 



Proof. For any A > 0, let 

T),{e) = (A2 cos2 e + sin^ of'^ , axiO) 
and 

Then again by Lemma 3 in [5] we know that for any given t G [0,T), there exist 
A = \{t) > 0, /3 G [0, 27r) such that u{e, t) := {Tx^(}v){e) satisfies " u{t) cos26'd6' = 
/p^'^ u{t) sm26d6 = 0. For any positive function (f € H'^{S^) define functional 



2- n3 







Suppose the Fourier expansion of u(6,t) is 

oo 

u{9, t) = ao + ai cos{9 — 71) + ^ Ok cos{k9 — jk 



fc=3 
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Then we have 



Integrating the nonnegative function u{9){l ± cos(6' — 71)) we have 



0< / u(6')(l ±cos(6' -7i))<i6' = 27rao ±7rai, 
"'0 

which impHes |ai| < 2ao- Similarly, integrating the nonnegative function u{9)(l ± 
cos(36' — 71)) we havejaal < 2ao. Hence 

F(m)>C||^.||^. 

for some constant C > 0. Also from the conformal covariance of F, we have 
F{u{e,t)) = F{v{e,t)) = (27r)4Q(t) < (27r)'*Q(0). It follows that \\u{t)\\H2 is 
bounded on [0,r). The rest of the proof will be similar to the proof of Propo- 
sition H □ 

Using a similar argument in [3] we obtain the estimates on higher derivative of 
v{9, t) as follows. 

Proposition 4. Suppose that g{t) = v~^gs satisfies the flow equation U.2\) on 
[0, T) for a — 1 or A. Then \ \ v{t)\\ij2k(^s'^) ^•s bounded on [0, T) for any fc G N. 

Proof. 

dt r {V^^''^fd0^2 r%(2/c)(^^)(2/c)^^^_3 /■'\(2fc)((Q_g)^)(2fc)^^_ 

^0 "'0 2 7o 

Since Q — ^vi {a^v''^^ + lOav'^^^ + 9v), we obtain from Proposition [2] and [3] that 

where S is taken over all m— tuples fci, • • • , km with m > 3, which satisfy 1 < A:; < 
2A: + 1 and fci H h fc„ < 4A: + 4. 

J, L_ 1 

For each m— tuple fci, • • • ,k,n, let = max{0, ^ — -}. Then we have r :— 
9i + --- + 0rn < 2 and | li;^'^') | U-- < C\\v\\^,^_j^^i < C\\v\\'-/'\\v\\'-^,,^,. It follows 
that 

fei,-,fc„-^0 z=l 
° fci,---,fc„i=l 

<-Ci r [v^^'^+^^fde + Ci Y 11^ 

"'0 ,, u 



fJ2 \\'J\\jj2k + 2 

fci ,■ ■ ■ 
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Hence j'^'' {v'^^'^^fdO is bounded on [0, T). □ 

For a = 4 we know that °' Pg is positive. From the above proposition, we imme- 
diately get that the 4-Q-fiow exists on [0, oo). To show the global existence of the 
flow for a = 1, we need another lemma. 

Lemma 3. Suppose that g{t) = v'^g^ satisfies the flow equation hl.2\l on [0,r) 
for a= I. If cos^{6 + a) ■ v''^/^{e,0)de = for all a € [0,27r), then for all 
t > 0, 

(2.7) / cos^{0 + a) ■v~'^/^{0,t)d9 = 



for all a € [0,27r). 

Proof. From (|2.4[) and the definition of 1-Q curvature we have 



2tt 



5 '•2^ 



dt I cos^{9 + a) ■ v-^'^{e,t)de 

cos^{0 + a) ■ v-^/^{0, t)vt{e, t)d9 
jj^ ^Qcos^{0 + a)-v-'^/^{0,t)de^^ cos^{0 + a)-v-'^/^{0,t)d0 
"^'o + a) ■v-'^^^{0,t)d0. 



4 Jo 



cos 



Thus 



2tt 

\0 + a) ■v-^^^{0,t)d0 = Ce-^o'Q(^)dr^ 



cos 

Since /o^''cos3(6l + a) ■ v-^'>'^{6,Q)d0 = 0, we have C = 0, thus /o^''cos3(6' + a) ■ 
v-'^/^{6,t)d0 ^Q. □ 

For a = 1 we know "Pg is positive on 
{ucH*{S^) : u>0, / cos^(6i + a)-u~^/^(6i,t)d0 = O, Vae[0,27r)}, 



see, for example, Theorem 3 in (Sj. The global existence of l-Q-curvature flow then 
follows from Proposition [4] and Lemma [3l 

3. L°° Convergence of "Q along a-Q-FLOw 

In this section, we shall follow [9] closely to derive the L°° norm convergence for 
curvatures. Throughout the rest of the paper, we will only consider a = 1 or a = 4; 
In the case of a = 1, we always assume the initial metric satisfies the orthogonal 
condition (|2.7p (thus always satisfies (|2.7p along the flow by Lemma O ; we also 
denote LP = LP {da). 

For p > 2, we define 

Gp{t) / \Q-Q\Pda. 



By (^3]) and ([^ we have 

(3.1) dtG2 = 2 f {Q-Q)Q,da + l f {Q~Qfda, 

Jo ^ Jo 
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27r 



5a 



{Q-Q)Qtda = - — \\Q^^\\l2 + — RQida-2 Q{Q-QYda. 



2ir 



and 

(3.2) , ^2" — '-' ■ 6 

We have the following well-known interpolation inequality. 
Lemma 4. ^ 

' \\dG<C\\Q-Q\\LA\Qaa\\\.. 



Using the above lemma and Young's inequality we obtain that for any a > 0: 



(3.3) 



RQida 







<\\R\\LAm\h<c\\R\\LA\Q-Q\\h\\Q..\\-^ 

<C||i?|U.(^||Q-Q||i. + ^at||Q..||i.). 



Since \\R\\\2 = 27r(5 is bounded (see Remark 7 of [8 ), it follows from ([3?T|) . (|3?2 
and dSS]) that 



dtG2 < C1G2 — 



{Q - Qfdcj - C2 / Ql.dcj. 



Noticing that 

r.27r 

(Q - Qfda 



<IIQ-QllillQ-Qlli <^IIQ"Qlli. + Ja^llQ-Qllie 

and HQ - Qll^e < C3||Qo.CT|li2, we obtain that 

(3.4) dtG2<Ci{G2 + Gl)-CA\Q^^\l.. 

Lemma 5. 

poo n2TT 

" ' ' < oo. 



poo pztt 

limG2(0 = 0, / / Ql^dadt 
Jo Jo 



Proof. From Lemma [2] we know that G2{t)dt < oo. Therefore for any e > 0, 
there exists > 0, such that G2{U) < e and G2{t)dt < e. If e < 1/(1 + 2C4), 
we must have that G2{t) < 1 for all t > t^. In fact, if not, let > be the first 
time such that G2(t*) = 1. Integrating (|3.4p from to t,, we obtain that 

l-G2{U)<Gi{e + e), 

which imphes e > 1/(1 + 2C4). Contradiction. For e < 1/(1 + 2C4) and t > te, 
integration p.4p from to t, we obtain that 

G2{t) < G2{te) + C4(e + e)<e + 2C4e. 

Hence limt^oo G2{t) = and /q°°(/o^'^ Q'^^da)dt < 00. □ 

Direct computation yields 

(3.5) 



5t I 1 1 = - y 1 1 g... I - ^ QaQaaa Rd<J 



17 



27r 



-4Q||Q.||i2-y Qi{Q-Q)da 
For any t > 0, choose ctq > such that Qa{<^o) = 0. Then 

\Qa\ = \Qa - Q^(CT0)| < IIQ.^IIli < V2^\\Qaa\\L^, 
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which impUes ||Qo-||loc < v27r||Qcrcr||L2. It foUows that 

(3.6) / QaQaaaRdcr 







<^\\Qaaa\\l2+C 1^ QlR^da 
<^\\Qaaa\\h+C\m\lA\R\\l. 

<^IIQ...|li.+47r2C||Q..||i.Q, 



and 
(3.7) 



27r 

2 



QiiQ~Q)da 



< \\Q.\\U\\Q-Q\\L^<27TV2n\\Q,,\\i,Gl 



Substituting (|3.6p and (|3.7p in p.Sp and noticing that G2(t) ^ 0, we obtain that 

(3.8) dtWQ.Wh < -ClIIQ^.^Ili^ + C2\\Q..\\h < C2\\Qaa\\h. 

It follows from Lemma [5] that for any e > 0, there exists > 0, such that 

/OO 
WQaaWhdt < e. 

For any t > t^, integrating (13. 8p from to i, we obtain that 

WQ.Whit) < ||g.||i2(i.) + C^e < {27rf\\Q,,\\UQ + C^e < C^e. 
Hence ||Q(t||l2 — > as i ^ +00, which imphes 

hm iig-Qiii- =0. 

t — >oo 

4. Exponential convergence of the 4-Q-flow 

We are now ready to derive the exponential convergence for the metrics under 
4- Q- curvature flow and thus complete the proof of Theorem [TJ 

Suppose g{t) — (9, t)gs is a solution to the flow equation ()1.2|) for a = 4. As 
in the proof of Proposition [21 for any t G [0, 00), we can choose A = \{t) > 0, /3 = 
f3{t) G [0,27r) so that u{e,t) {Tx^pv){e) satisfles 

(4.1) / u{t)cos9d9^ u{t)smede = 0. 

Jo Jo 

Then u{9, t) is uniformly bounded in H'^{S^) for t E [0, 00). Therefore there exists a 
sequence t„ — > 00, such that u{0, tn) Uoo{d) in H^{S^). From Sobolev embedding 
theorem we have u{9,tn) Moo(^) in C^'°' for any a G (0, ^) and u G C^'^^^. Since 

r2-7r p2ir 

u-^9,t)d0= v^^ {9, t)de ^2tt, 



IQ JO 

we obtain that Uoo{9) > and Uoo satisfies 
1 16 40 

■"^(-^(■"ao)^^^^ + -^("oo)ee + "ocO = Qoo, 

where Qoo = linit^oo Q- It follows from (|4.ip and the classification of solutions of 
the above ODE (see the proof of Theorem 4 in [8]) that Uoo = 1- Using the same 
argument we can prove that any convergent subsequence of u{9,t) converges to 1. 
Since u{9,t) is uniformly bounded in H^(S^), we have Ihnt^oo u{9,t) = 1. Hence 
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Define variable 7 as the inverse of 9 under map ^\(t),p(t), that is = 9. 

Noting that 



u{9, t) = «(^A,/3(0))*A,/?(e), ^xAO) = cos2 ^ + sin^ 



3/2 



and ujx^i3{9) — p + '^x,0 "^.9 we have da = v{9) 3d9 ~ u{'y) 3^7. Since the 
4-curvature and 4-(3 curvature of metric 1^7 ^7 is 1 , we obtain that 



Q{9{j)) = ?i3 (7)(— "7777(7) + 7r"77(7) + "(7))- 



i?(0(7))-^(7)(4(«^)"(7)+"n7)), 
,16 / N 12 

It follows that limt^oo = 1- Therefore 

8 20 f^^ 7 f^^ 

dtG2^--\\Q..\\h + - RQlda - 4Q\\Q ~ QWl, ~ - {Q-Qfda 

Q on 

(4.2) = - -||Q..||i. + {-+ o(l))||Q.||i. - (4 - o(l))||0 - Qlli., 

where o(l) as t ^ +00. 

Consider the Fourier series of Q: 

00 00 

(4.3) Q ^ Q + ^^(a„ cos(ri(T) + 6„ sin(n(7)) = c + ^^(a,i cos(ri7) + 6„ sin(n7)). 

n— 1 n— 1 

Since M(t) — > 1 as t ^ 00, we obtain that 

(4.4) a„ = a„ + o(l)G|, 6„ = 6„ + o(l)G| , n = 0, 1, 2, 3, • • • , 
where uq — Q and oq = c. As in ,9j we need estimates on ai and bi. 
Lemma 6. For (j) smooth we have 

27r r, 

{16(l>^'^\9)+4Q(P"{9)+9(j){9)){-(l)\9) cos9 + (p{9) sm9)d9 = 0. 



Proof. Integrating by parts we have 

(4.5) / (t>"(t>"' cos9d9 ^ - {(t)"fs\n9d9. 

Jo 2 Jq 

It follows that 

[ (16(1)^^^ + AO(j>"){^(P' cos9 + <j>sm9)d9 
Jo 3 

= / -/-'"cos^- — (/)"sin6l + 480'cos6' + 24(/)sin6l)d6' 

Jo 3 3 

=0+ / (480"0' COS + 240'V sin 6')d6' 
Jo 

niTT pIlT pIlT 

=24/ {(j>'f sin 9d9 -24: {(f)' f 9 d9 - 12 i ct)"^ sin 9 d9 
Jo Jo Jo 

= - 12 / (I)^sin9d9. 
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where we used (|4.5p . Also 

/'27r 2 /'27r 

/ 9(j) ■{-(!>' cos d + (p sin d)de^ 12 <j>^sm9d9. 

and the lemma follows. □ 
The above lemma yields a Kazdan- Warner type identity: 

4 

Corollary 1. Given g — v^'Sgs with v smooth. Then 4-Q curvature of g satisfies 

(4.6) / QeV^ cosOde ^ / Qev'^ smOdO = 0. 

Jo Jo 

Proof. 

Qgv~3 cos0d0 = — / Q{ — v~ 3 yg cos 9 — v~'s sin 0)d9 
Jo 3 

1 f^'^ 2 
= - / (16u('*)+40w" + 9w)(-t;'cos6' + i;sin6')d6' = 0. 

Applying the above lemma to (p{0) = v{9 + we obtain that 

Qov-isin9d9 = 0. 

□ 



Using (14. 6p and linit^oo u = 1 we have the following computation 

1 /■^'^ 1 ['^'^ 
o-i^— / Qcos^dj — / Q^sinjd'y 

Q-y sin7(M~3('Y) - u^i{j) + l)d'y 



2ir 

Q-y sin7(-u~^(7) + 1)^7 + 



0(1) ^ Q^rf7y =o(l)||Q,|U.(,,). 



Similarly bi = o{1)\\Q^\\l2. It foUws from (|44)l that ai,6i = o(l)||(3<^||i2. 
From Fourier expansion (|4.3p of Q we obtain that 



n=l Ti=l 

CSO 

G-2 = \\Q-Q\\h=^T.(''n + bl). 



n=l 

It follows from (g^I that 



9*G2 = ^^(--n^ + -n^ - 4)(a2 + b^) + o(||Q.|U.). 



9 3 3 

n — 2 



Hence there exists a > 0, such that 9G2 < —aG-z, which implies that 

G2{t) < Ce""*, for some C > 0. 
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For any T > and S e [0,1], integrating p.4p from T to T + 6 and using the above 
inequality we have 



j-T+S 



which impHes 

rT+s i-T+S 



I \\Q - Q\\l^ dt < 2tt f \\Qaa\\L-dt<C2e~^^ 

JT JT 

3l 



Along 4-Q flow (fL^ . v{0,t) satisfies v~^vt = - Q)- Integrating from T to 

T + 6 we obtain that 

\\nv{e,T + 5)~\nv{0,T)\ < Cgg-t^, 

for any 9 e [0, 27r], T > and S e [0,1]. Hence \i-mt^ocv{6,t) = Voo{0), with 

\\v{t) — Woo||l°° < C4e~2* and the 4-Q curvature of g^o ■= Voo^ Qs is constant 1. 
This completes the proof of Theorem [5] 

5. Classification of metrics with constant I-Q-curvature 

In this section we shall focus on proving Theorem [2l 
Consider the functional 

F(w) = g y {ule - lOu^ + <9u^)de ij u-^^^{d)dd\ . 

From the proof of Theorem 3 in |8] we know that 

inf ^Fin) 

u^H'^{S'^), satis fvina \L.ol 

is achieved by w G H^{S^), which satisfies (I1.3P and the Euler-Lagrange equation 

(5.1) ve9d9 + Wve0 + 9v ^ Tv^^ 

for a positive constant r. 
Define F : R ^ R by 

l/(y)=«(arctan(2y))(i+ 22/2)1. 

From conformal invariant properties of Pg (Proposition [T]), we obtain that V{y) 
satisfies 

(5.2) V""{y)^TV{y)--^ in R. 
Lemma 7. Let w{9) = v{9)^ . Then w satisfies 

(5.3) w'^{9){w"{e)+w{e)) =w''{0 + TT){w"{9 + Tr)+w{e + Tr)), for all 6 e [0,27r). 
Proof. The first integral of equation (|5.2p is 

Since limj,^±oo V{y) = +oo, we have 

lim {VV" - liV'f) = C. 
Direct computation shows that for y — > ±cxd, 

ry'" - i(F")^ = I8v\±^) - i{v'i±l)r + 6v{±^)v"{±^) + 0{y-'). 
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Since w^{w" + w) = v"^ — ^W)^ + ^vv", we know that 

C = 18v\±^) - 4K(±|))2 + 6«(±|K'(±|)) = mw'{±^){w"{±^) + wi±^)). 

By applying an arbitrary shift 9 ^ 9 + P, we obtain (|5.3p . □ 

Due to intermediate value theorem we may assume without loss of generality 
that = v(—^). The next lemma indicates that the main difficult in the proof 
of Theorem [2] is to match the derivative of v at north pole with that at south pole. 

Lemmas. If we also havev'{^) = w'(-f ), thenv^^\^) = wW(-f) for alike N. 
Moreover 

v{9) = c (A2 cos2(6I - /?) + sin2(6' - , 
for some (3,X,c> 0. 

Proof. Let w = . Since w' ~ ^v^iv' , we have w'{—^) — w'{^). Using Lemma 
El we obtain that w"(f ) = It follows from v" = iup-w" + ^w(w'f 

that = -1). Differentiating (|5.3p and using induction, we obtain that 

vC^)^) = ) for aU fc e N. It follows that g{9) = t;(6l/2) is smooth on . 

Furthermore g(&) satisfies 

//// 5 // 9 7" 5^ 

^ +2^ +16^=16^ ' 
Using the same argument as in the last part of the proof of Theorem 4 in [8], we 
obtain that 

g{9) = c [y? cos2 ^ + sin^ ^—^^ 
for some /?, A, c > and the Lemma follows. □ 

The proof of Theorem [2] is thus completed if ) — f). We are left to 
consider the case of 7^ -1). 

For any a G R, let Vaiy) — V{y — a). Then Va{y) also satisfies (|5.2p . It follows 
that d{9) := 14(5 tan 6')(2 cos^ 6l)i satisfies for 6* G (-f , f). Observing that 

1 3 
v{9) = Va(-tan6l)(2cos2 6')2 = i;(arctan(tan6l - 2a))/(6i), 

where f{6) (cos^ + {sm9 — 2acos9)'^)i , we obtain that (recall: v{tt/2) = 
«(-V2)) 



u(arctan(tan6' — 2a)) f (9), when G 



7r TT > 

" 2 ' 2 ' 



^^a(6') := { v{tt + arctan(tan6' - 2a))f{9), when 9 G (f , ^) 
u(f ), when 6* = ±f 

is smooth on and satisfies (|5.ip and (|1.3p (see, for example, Section 6 in [8^ for 
more details). Furthermore 

<(±|) = 2AaM±l) + Sav'i±^) + ."(±|). 

Choosing (recall: w'(f ) 7^ w'(-f )) 
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we have w"(f) = ^^"("f)- Let Wa — vi . We have Wa(f) = Wa(— f), and thus 
^"(f ) = ""^"("f) by Lemma [71 From = 3w^w'^ + 6wa(Wa)^ we derive that 
v'^{^) = w;(-f). It then foUows from Lemma [8] that vi^H.^) = for aU 

€ N and 

Va{0) = c (A^ 0082(6* + sin2(6l - I3)f''^ , 

for some A,c > and /3 G [0,27r). Direct computation shows that v has the form 
p.4p . This completes the proof of Theorem [2l 



If V satisfies (|5.ip . then g = v 350 has constant 1-Q curvature. So we classify 
all the constant 1-Q curvature metrics on 5^ satisfying ()1.3p . 



6. Exponential convergence of the 1-Q-flow 

Based on the classification result in Theorem [21 we shall prove the exponential 
convergence of the 1-Q flow using a similar argument in Section 4. 

Suppose that g{t) = {9, t)gs is a solution to the flow equation (|1.2p for a = 1 
with initial metric satisfying (|1.3p . By Lemma [3l we know that the metric will 
satisfies (|1.3p for all t > 0. As in the proof of Proposition [3l for any t E [0,oo), 
choose A = X{t) > 0,(3 = I3{t) e [0,27r) so that u{e,t) := {Tx,pv){e) satisfies 
J^"" u{t)cos2ede = J^"" u{t) sin2ede = 0. Here (Tx,f3v){e) = v{ax,f3{0))rx,f}{e), 

^\,f3{0) = (A^ cos2(6l -f3) + A-2 sm^(0 _ ^)) ^ 

and axA^)=f^ + l0T^x..P~'^de. 

As in Section 4, using the classification result (Theorem [2]) we can prove that 
limt^oo u{9, t) ^ 1 and Qoo := limt_>oo Q = 1- 

Define variable 7 as the inverse of 9 under map crx(i).p(t)^ that is <Jx.p{l) — 
9. Then we have da = v{9)~id9 = u{'j)~id'-f. Since the 1-curvature and 1-Q 
curvature of metric fi7 18) (i7 is 1 , we obtain that 



R{9{j))^u{j){{u^nj)+uH^)), 
Q{9{j)) = u*(7)(^'^7777(7) + ^^77(7) +u(7))- 
It follows that limt^oo = 1- Therefore 

dtG2 = - i I |g,, I li. + ^ J^^ RQlda - 4QI |Q - g| |2 , _ Z J'\q _ Q)3da 

(6.1) - - ^||g..|li. + (^ + o(l))||Q.||i. - (4 - o(l))||Q - Qlli., 
where o(l) ^ as t ^ +00. Write 

oc 00 

(6.2) Q ~ Q + ^(a„ cos(ncr) + b„ sm{na)) — c-\- ^(a„ cos(n7) + 6„ sin(ri7)). 

n—l n—1 

Since u{t) —i- 1 as t ~^ 00, we obtain that 

(6.3) a„ = a„ + o(l)G|, 6„ = &„ + o(l)Gj , n = 0, 1, 2, 3, • • • , 
where ao — Q and ao — c. We need the following lemma to estimate 02, 62- 
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Lemma 9. For (f> smooth we have 

{(p'^'^^e) + 100" (61) + ^<t){e)){-(t)' {9) 008(26*) + 0(6*) sin{2e))de ^ 0. 

o 

A special case of Lemma |9] is the following Kazdan- Warner type identity. 

4 

Corollary 2. Given g = v~'^gs with v smooth. Then 1-Q curvature of g satisfies 

(6.4) / QeVi cos{2e)de ^ i Qgy-^ sm{29)d9 ^ 0. 

Jo Jo 

The proofs of Lemma IHl and Corollary [2] are very similar to the proofs of Lemma 
inland Corollary [1] We shall skip all the details here. 
Using (j6.4p and limt^oo u = 1 we have 



0-2^- / Qcos(27)d7 = -— / Q-. sin(27)c?7 
TT Jo 27r Jo 

1 /■^'^ 2 2 

= -— / Q^sin(27)(u-i(7)-u-i(7) + l)d7 



2 cStt 

2^ 



sin(27)(-it-3 (7) + 1)^7 + 



0(1) ^ Q'-^d^y =o{l)\\Q,\\mdo 



Similarly 62 = o(1)||'3(t||l2. It foUws from (|6.3p that a2,62 = o(l)||Qcr||L2- From 
the Fourier expansion (|6.2p of Q and (|6.ip we obtain that 



dtG2=n {-ln^ + ln'-^)ial + bl) + o{\\Q,\\L2). 

Hence there exists a > 0, such that 96*2 < —aG-z, which implies that 

G2{t) < Ce^'^*, for some C > 0. 

The rest of the proof can be carried out similarly to the proof of Theorem [1] We 
hereby complete the proof of Theorem [3l 
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